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Abstract 
Dielectrophoresis is an alternating current (AC) electrokinetic phenomenon, 
which employs the difference between the electric polarizability of micropar-
ticles and suspending medium. Under the action of an external electric field, 
these particles polarize, and experience a net force in a nonuniform electric 
field. The degree of polarizability may depend on the frequency of the applied 
AC electric field. In this thesis, we aim to investigate the dielectrophoresis 
spectrum for two types of spherical particles: homogeneous and graded parti-
cles. 
Firstly, we consider two homogeneous colloidal spherical particles approach-
ing in a colloidal dispersion, under the action of an AC electric field. By us-
ing the spectral representation theory [1], we present a theoretical study of 
dielectrophoresis (DEP) spectrum of the two particles. The mutual polariza-
tion effects between the two touching particles are captured by the method 
of multiple images [2]. Prom the theoretical analysis, the DEP force may be 
enhanced (reduced) significantly for the longitudinal (transverse) field case 
at low frequencies, and there is a red shift for the main dispersion step as 
well as an additional sub-dispersion at low frequencies, these phenomena are 
due to the mutual interaction between the two touching particles. By using 
the effective dipole factor [2], we also obtain the turnover frequency for the 
frequency-dependent orientations of a chain formed by a pair of touching par-
ticles [3], and the orientations of the two touching particles can be obtained 
by calculating the force between them. 
i 
Graded materials, such as biological cells, are inhomogeneous materials 
with spatially varying material properties. In additional to biomaterials, graded 
composites are important in traditional material science. However, the estab-
lished theory for homogeneous particles fails to apply. In this thesis, we devel-
oped a first-principle approach to compute the dipole moment of the individual 
graded spherical particles and hence the effective dielectric response of a dilute 
suspension. The approach has been applied to two model dielectric profiles, 
for which exact solutions are available. Moreover, we used the exact results to 
validate the both results from the differential effective dipole approximation 
(DEDA) [4] and a variational approach, which are used to treat graded spher-
ical particles of an arbitrary dielectric profile. Excellent agreement between 
three approaches were obtained. Furthermore, based on the exact solutions 
of the dipole factor, we can extend the graded spherical particles to coated 
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1.1 Introduction to dielectrophoresis 
Dielectrophoresis is the movement of particles in nonuniform fields [5,6]. When 
a particle is subjected to an electric field, a dipole is induced in it. If the field 
is nonuniform, its strength on one side of the particle is larger than that on 
the other side, and a resultant force acts on the particle which is called the 
dielectrophoretic (DEP) force (FDEP). The magnitude of this force depends 
on the magnitude of the particle's complex dielectric constants (permittivity 
and conductivity) relative to that of the medium, the sign of DEP force can be 
either positive or negative. With the frequency changing, the DEP force will 
change its direction. The frequency at which the DEP force changes its sign 
is called crossover frequency (/CF). Analysis of the crossover frequency as a 
function of host medium conductivity can be used to characterize the dielectric 
properties of suspended particles. Moreover, mutual force between the touch-
ing particles also can be either positive or negative, the frequency where the 
mutual force changes its direction is called turnover frequency ( / i , /2). Analy-
sis to the turnover frequency with different parameters can be used to describe 
the orientation (parallel or perpendicular) of the chain of particles [3 . 
To measure the dielectrophoretic force, a number of approaches have been 
taken. Direct measurement of the velocity of single cell is possible [7] but 
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relatively cumbersome. The attraction or repulsion of cells in suspension at 
electrodes has been measured by using various optical techniques including 
image analysis [8] and absorption measurements [9, 10]. A highly sensitive 
technique for the measurement of the dielectrophoretic force on single cells is 
the dielectrophoretic levitation of cells against gravity, and important contri-
butions to this area have been made by Kaler and Jones [11, 12, 13]. Also, 
dielectrophoresis can also be used for cell characterization, it is in trapping 
and cell separation that dielectrophoresis will most likely find some major ap-
plications. 
1.2 Overview of recent works on dielectrophore-
sis 
The first significant demonstration of biological dielectrophoresis involved the 
separation of living biological cells [5]. Pohl envisioned both clinical and labo-
ratory applications of such a technology. Because of rapid progress made over 
the past decade, biological DEP certainly merits special focus in any discussion 
of applications which has been in the literature. 
Dielectrophoresis is typically used for micromanipulation and separation of 
biological cellular size particles. Lately, it has been used for the separation 
of live and dead (heated treated) yeast cells [14, 15] and bacteria of differ-
ent species [16], as well as the separation of human/animal cells, in particular 
aimed at the separation of cancer cells from normal cells [17, 18，19]. The 
separation of submicron particles [20] has also been demonstrated. The de-
vice constructed by Docoslis et al. [21] is also of interest in which negative 
dielectrophoretic forces are used to separate viable from nonviable animal cells 
during fermentation. 
Beside the typical uses, dielectrophoresis has some specific applications, 
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which include diverse problems in medicine, colloidal science and nanotech-
nology, e.g. separation of nanowires [22], viruses, latex spheres [23, 24’ 25], 
DNA [26] and leukemic cells [27], as well as lab-on-a-chip designs [28 . 
The dielectrophoresis force is caused by the effect of the induced dipole 
moment under a nonuniform electric field. The dipole model is used to theo-
retically analyze the dielectric properties of microparticles either homogeneous 
or heterogeneous. Dipole-dipole model can be used to obtain some useful re-
sults but limit [11]. However, multiple image method [2] can be used to obtain 
the total induced dipole factor by a sum of multiple polarization of dipole 
factor. This method can modify the result obtaining from dipole-dipole inter-
action. In particular, it has been used to analyze the dielectric responses of 
electrorotation [29] and dielectrophoresis [30 • 
1.3 Objectives of the thesis 
The study of DEP phenomenon has become an active research area, aim-
ing at understanding DEP mechanisms and utilizing the DEP responses for 
particle applications. Many theoretical and experimental investigations were 
performed on various kinds of DEP system, however, a satisfactory theory that 
can capture the whole physical picture of DEP effect is still lacking. 
In this thesis, we present a theoretical study of the DEP spectra of homo-
geneous and graded spherical particles. In chapter 2, we investigate the DEP 
spectrum of a pair of touching colloidal particles or biological cells in a host 
fluid under the application of a nonuniform alternating current (AC) electric 
field, in an attempt to study the correlation effects due to the multipolar inter-
actions on DEP spectra. In particular, we employ the multiple image method 
to account for the multipolar interaction, and obtain an analytic expression 
for the DEP force. It is found that, at low frequencies, the DEP force may be 
enhanced (reduced) significantly for the longitudinal (transverse) field case due 
4 
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to the multipolar interaction. The numerical results can be well understood 
in the spectral representation theory. In the point-dipole limit, our results 
reduce to a formula derived by using a differential method. In a more general 
context, our approach demonstrates the importance of the correlation effects 
in AC electrokinetic phenomena of colloidal suspensions. 
In chapter 3, we investigate the electro-orientation of two homogeneous 
spherical particles forming a chain in suspensions under the action of a lin-
early polarized AC electric field. We perform the multiple image method to 
capture the multipolar interaction (dipole induced dipole (DID) model), and 
then calculate the turnover frequency, which indicates a zero torque of the 
suspended particles and hence characterizes the frequency-dependent orienta-
tional behavior, namely, parallel or perpendicular to the electric field. By using 
the integral equation formalism, we calculate the inter-particle force as well. 
It is shown that the inter-particle force accords with the turnover frequencies. 
Moveover, frequency region of perpendicular orientation generally coincides 
with changes in the DEP spectrum of a particle, and it typically brackets 
the peak in the electrorotation spectrum. Furthermore, if we consider a sys-
tem with high concentration of particles, thus, we should not only consider 
the influence of near dipole factor, but also the whole effect of the particles, 
that is, the local-field effect (many-body DID model). After we consider the 
local-field effect, and use the Maxwell-Garnett approximation to obtain the 
effective dipole factor, we can get an important correction for the multipolar 
interaction. 
It is observed that, the particles in the nature are mostly heterogeneous, 
such as cell, bacteria, and colloidal particles and so on, they have nonuniform 
dielectric constants, thus, the established theory for homogeneous particles 
can not be applied. It is necessary to develop a new theory to study the 
effective properties of graded materials under the presence of the externally 
applied fields. In chapter 4, we investigate the effective responses of composites 
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of spherical particles each having a dielectric profile which varies along the 
radii of the particles. We developed a first-principle approach to compute the 
dipole moment of individual spherical particle and hence the effective dielectric 
response of a dilute suspension. The approach has been applied to two profiles: 
power-law and linear profiles, for which exact solutions are available. Moreover, 
we use the exact results to validate the results from the differential effective 
dipole approximation (DEDA) as well as variational method, DEDA is recently 
developed to treat graded spherical particles of an arbitrary profile. Excellent 
agreement between the each two approaches was obtained. For the graded 
core coated uniform spherical shell, using the first-principle approach the exact 
solution can also be obtained. In the calculation of effective dielectric constant 
of high concentration composite, the cellular model can be used to simplify the 
complicate system to a graded core coated by a uniform spherical shell model, 
whose dipole factor can be exactly given by the first-principle approach, thus, 
the effective dielectric constant can be obtained by solving a self-consistent 
equation formed from dipole factor of the model. While another focus of this 
work has been on dielectric responses, the approach is equally applicable to 
analogous systems such as the conductivity and elastic problems. 
Chapter 2 
Dielectrophoresis of 
homogeneous dielectric spheres 
in suspensions 
In this chapter, the particles considered are homogeneous, when such two 
spherical colloidal particles or biological cells approach each other and finally 
touch, the mutual polarization interaction between the two particles, leads 
to a change in the dipole moment of the individual particle and hence the 
DEP spectrum, as compared to that of the well-separated particles. In an 
early attempt, Jones and coworkers [31] developed a generalized equivalent 
multipole-moment theory for the DEP force between two touching spherical 
particles in an external field. However, it is known that the Maxwell-Wagner 
interfacial polarization may be influenced by the mutual interaction between 
approaching particles [32], therefore, we will use the multiple image method 
to account for the multipolar interaction [2]. Recently, in Ref. [33], the mul-
tiple images method has been demonstrated to be in good agreement with a 
multipole expansion method [34]. By employing the spectral representation 
theory [1], we derive an analytic expression for the DEP force (or DEP spec-
trum). We will focus on two cases: (1) longitudinal field case where the applied 
field is parallel to the line joining the centers of two particles; (2) transverse 
6 
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field case where the applied field is perpendicular to the line joining the centers 
of the two particles. The results show, in lower frequencies, due to the multi-
polar interaction, the DEP force may be enhanced (reduced) significantly for 
the longitudinal (transverse) field case. Moreover, there is a red shift of the 
main dispersion step as well as an additional sub-dispersion at low frequency 
region for longitudinal case. 
2.1 Multiple image method for a pair of ho-
mogeneous colloidal particles 
It is well known that a dipole moment will be induced when a particle is sub-
jected to external electric field. Investigating the dipole moment of the particle 
suspended in a host medium can give properties of the particle under various 
parameter composites. In the dilute limit, one can focus on the DEP spectrum 
of an individual particle, by ignoring the mutual interactions between the par-
ticles. However, if the suspension is not dilute, the situation is complicated by 
the mutual interactions between the particles. In addition, the particles may 
aggregate due to the presence of an external field, even when the suspension is 
initially in the dilute limit. In this case, the mutual interactions are expected 
to play a role, rendering the predictions of simple theories based on single par-
ticle effects invalid. Therefore, when two particles almost touch each other, the 
higher-order multipoles of the induced dipole moments inside the particles will 
be considered. For a pair of touching particles, the total polarization of each 
particle will be influenced by the dipole field of the other particle, resulting in 
an infinite number of induced dipoles. The resultant fields will then be a sum 
of the fields due to all induced dipoles, which is extremely difficult to calculate. 
In this section, we will use multiple image method to obtain the total dipole 
moment. 
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2.1.1 Derivation of the dipole factor 
z 
Figure 2.1: Dielectric sphere of diameter D and dielectric constant ei = ei + 
cri/(z27r/) immersed in a dielectric host medium of dielectric constant €2 = €2 + 
cr2/(z27r/) and subjected to a uniform electric field of magnitude E. 
Consider an isolated spherical colloidal particle or biological cell with di-
ameter D, of complex dielectric constant 61 = ei + ai/{i27rf) dispersed in a 
host medium of h = + cr2/(i27r/), where e (a) denotes the real dielectric 
constant (conductivity), f stands for the frequency of the external field, and 
i 三 In the presence of an external electric field Eqz and in dilute limit, 
that is, we only consider the mutual interactions between the two particles but 
neglect the local field effect, the potential functions $ of this system are given 
by： 
= AEorcose 0 < r < y , (2.1) 
$2(r,6») = - E o r c o s e + BEor '^ cos (9 r > (2.2) 
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The boundary conditions are applied at r = Li/2, the surface of the particle. 
Firstly, the electrostatic potentials must be continuous across the particle-
medium boundary. 
Second, the normal component of the displacement flux vector must be con-
tinuous across the boundary. 
hEri(r = D/2,60 = hEr2(r 二 D/2,60. 
where Eri 二 -d龟i/dr and Er2 = 一 純 2 / 彻 are normal electric field compo-
nents in the dielectric sphere and the host medium, respectively. Combing the 
above two equations, we obtain 
A = - S r , (2.3) 
ei + 262 
B = l A z A p S (2.4) 
8e~i + 2e~2 
The potential is therefore 
尘 = - - ^ ^ o r c o s ^ 0 < ^ < f ' (2.5) 
= -Eor c o s 0 + i ^ ^ ^ D ' E o t - ' ' COS 6 r �j . ( 2 . 6 ) 
The potential inside the sphere describes a constant electric field parallel 
to the applied field with magnitude 
五1 二為五。. （2.7) 
Outside the sphere the potential is equivalent to the applied field Eq plus the 
field of an electric dipole at the origin with dipole moment: 
p 二 ^7re2 ？ , D^Eo, (2.8) 
2 ei + 262 
or 
p = Ke2bD^Eo. (2.9) 
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where 
b = (2.10) 
ei + 2e2 
is the well known dipole factor (or Clausius-Mossotti function), which provides 
a measure of the strength of the effective polarization of a spherical parti-
cles and depends on the dielectric contrast and geometric parameter of the 
suspended spheres. When we discuss the interactions between the suspended 
spheres and hence the properties of the DEP spectrum due to an applied elec-
tric field, we can assume each suspended sphere to be a point dipole, interacting 
with each other through a dipole force. 
2.1.2 DEP force for a pair of dielectric spheres 
The dipole consists of equal and opposite charges +q and -q located a vector 
distance d apart, and it is located in an electric field E, referring to Fig.2.2. 
At this point, we choose to say nothing about how the electric field is created, 
except to stipulate that E includes no contributions due to the dipole itself. 
If the electric field is nonuniform, then in general the two charges {-\-q and 
-q) will experience different values of the vector field E and the dipole will 
experience a net force. Performing a sum of the forces on the particle, we have 
F = gE(r + d ) - g E ( r ) , (2.11) 
where r is the position vector of -q. Eq.2.11 can be simplified when |d| is small 
compared to the characteristic dimension of the electric field nonuniformity. 
In this case, the electric field can be expanded about position r using a vector 
Taylor series expansion, that is, 
E(r + d ) = E(r) + d . VE((r ) ) + …•， （2.12) 
where all additional terms, of order cP, d^，and so forth, have been neglected. 
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/ E(r+d) Dipole ^ / 
,X 
Figure 2.2: Representation of net force on a small dipole of strength p = qd m a. 
nonuniform electric field. 
Using the expansion of Eq.2.12 in Eq.2.11, the following result is obtained 
F = 时 . + . (2.13) 
If the limit |d| is taken in such a way that p = ^d (the dipole moment) remains 
finite, then the following well known expression for the force (DEP force) on 
an infinitesimal dipole results: 
Fdep = P • VE. (2.14) 
For any dipole of finite size, Eq.2.14 is approximate, and accurate only if the 
dipole dimension is small compared to the characteristic length of the electric 
field nonuniformities. 
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Only induced dipoles are considered here, and so p = p(E). For a dielectric 
sphere that is described in this section, the dipole moment is given by Eq.2.9. 
Supposed the external electric field is alternating current (AC), and combining 
the Eq.2.14 and Eq.2.9, the time-average force is 
FDEP = (2.15) 
where Re[- • • ] denotes the real component of the dipole factor. Eq.2.15 is quiet 
general and may be used for any spatially dependent electric field vector E(r). 
A close examination of Eq.2.15 reveals all the important features of the 
dielectrophoretic effect exhibited by dielectric particles in medium. For refer-
ence, these are enumerated below: 
i Fdep is proportional to particle volume. 
ii Fdep is also proportional to €2, the dielectric permittivity of the medium 
in which the particles suspend. 
iii The DEP force vector is directed along the gradient of the electric field 
intensity VE^, which, in general, is not parallel to the electric field vector 
E(r). 
iv The DEP force depends upon the magnitude and sign of the dipole factor 
b. 
The dielectrophoretic effect is distinguished between positive and negative 
dielectrophoresis. 
• Positive dielectrophoresis: Re[6] > 0. Particles are attracted to electric 
field intensity maxima and repelled from minima. 
• Negative dielectrophoresis: Re [ft] < 0. Particles are attracted to electric 
field intensity minima and repelled from maxima. 
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2.1.3 Multiple image method for the dipole factor of a 
pair of approaching dielectric spheres 
I W 广 v ' l 
Rj P p 
i r T ) U U 
(a) (b) 
Figure 2.3: Interacting particles with induced dipole moments: (a) parallel and (b) 
perpendicular alignment with respect to the applied filed. 
While Eq.2.11 includes only the dipole force, the general definition of di-
electrophoresis actually encompasses general multipolar contributions of all 
orders. These terms become very important in the case of closely spaced in-
teracting particles. The dipole moment should be re-obtained by considering 
multiple interactions between the very closely spaced particles. Next we will 
introduce an multiple image method to obtain the effective dipole factor under 
mutual polarized interactions. 
Suppose a pair of touching spherical neutral particles with separation R 
suspended in a host medium, an constant field E = EqZ is now applied on 
the system. Then, there will be an induced dipole moment in each sphere, 
where po is given by po = ^7re2D^bEo. Further, the induced dipole moment 
induces an image dipole moment pf^ in sphere 2，while induces yet 
another image dipole moment in sphere 1. As a result, multiple images are 
formed. Similarly, p f ) induces an image p f ) inside sphere 1’ and hence another 
infinite series of image dipoles are formed. The multiple images obey a set of 
differential equations, which can be solved exactly [35]. After solving these 
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differential equations, the dipole moment are given by 
卢 = 乡 询 ( 2 . 1 6 ) 
路 = 乡 £ ( 身 (2.17) 
n=0 
where « satisfies the relation cosh a - R/D, pi (PT) is the longitudinal (trans-
verse) dipole moment, being parallel (perpendicular) to the line joining the 
centers of the spheres. In view of the relation between the dipole moment and 
the dipole factor are related by: 
f 二 丑. （2.18) 
We may obtain the dipole factor of a pair: 
社 = 營 询 " y ^ y ’ （2.19) 
电 = - 名 ( 身 ( 2 . 測 
We should remark that this equation has indeed included the effects of multiple 
images. It is evident to find that setting n up to 0 yields the dipole factor of 
the isolated particle, as well as setting n up to 1 yields the dipole factor of 
dipole-dipole model [3] which we will validate in the next chapter. 
2.2 Spectral representation and the DEP dis-
persion spectrum 
In a recent paper [36], we studied the dielectric behavior of colloidal suspen-
sions by employing the Bergman-Milton spectral representation of the effective 
dielectric constant [1]. The spectral representation is a rigorous mathematical 
formalism of the effective dielectric constant of a composite material. By means 
of the spectral representation, we derived the dielectric dispersion spectrum in 
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terms of the electrical and structure parameters of the particles. The essence 
of the spectral representation is to define the following transformations. If we 
denote a complex material parameter 
s=(l- 1， (2.21) 
V ^2/ 
then the dipole factor b* admits the general form 
= (2.22) 
L s - s � n 
where n is a positive integer, i.e., n = 1 ,2, . " , and F � and s � are the n-th 
microstructure parameters of the composite material [1 . 
Thus the spectral representation offers the advantage of the separation of 
material parameters (namely the dielectric constant and conductivity) from the 
particle structure information, thus simplifying the study. From the spectral 
representation, one can readily derive the dielectric dispersion spectrum, with 
the dispersion strength as well as the characteristic frequency being explicitly 
expressed in terms of the structure parameters and the materials parameters of 
the particle suspension [36]. The actual shape of the real and imaginary parts 
of the permittivity over the relaxation region can be uniquely determined by 
the Debye relaxation spectrum, parameterized by the characteristic frequencies 
and the dispersion strengths. So, we can study the impact of these parameters 
on the dispersion spectrum directly. In what follows, we further express the 
dipole factor b and b* in the spectral representation. The dipole factor b admits 
the form b = F � - s�)，where F � = - 1 / 3 and s � = 1 / 3 . To make this 
approach tractable, we further define two dielectric constant and conductivity 
contrasts, respectively [36]: 
s = ( 1 - 6 1 / 6 2 ) " ' , 
t = (1 -
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After simple manipulations, the dipole factor of an isolated particle becomes [29 
6 二 + ⑴’ (2.23) 
where / � � is the characteristic frequency, and � is the dispersion magnitude, 
they are respectively represented by, 
— 丄 g j 补 � ) (2.24) 
九 - 2 7 r 62 t(s-si')y � 
&⑴ 二 F �（ 二 ⑴、， (2-25) 
{t - S �) ( S — S(L)) 
Similarly, h* can be exactly rewritten in the spectral representation as [29 
oo / Tp{m) rC'Ti) \ 
^ - V J ^ _ _ + - L I — , (2.26) 
^ 5 J ^ )十 5 一 s ( 爪 ） / 、 乂 
where 
i f " ) = = + 1) sinh3 狄-(2m+i)«， 
o 
and 
J^) - i [ i _ 2 e - ( i + 2 _ l 
Sl — 3I•丄 比 
e(爪）_ lri _ -(l+2m)al 
St - j. 
In what follows, we will use the subscript L (T) denotes the longitudinal (trans-
verse) field case. It is worth noting that 爪）=Ft(爪).In the above deriva-
tion, we have used the identity 
00 
m = l 
Thus, the spectral representation of b* consists of a discrete set of simple poles 
29]. The m = 1 pole s � deviates significantly from 1/3 while s � becomes 
small in the touching limit, a 0 . In what follows, we will show that this pole 
gives a significant contribution to the DEP spectrum at low frequencies. As m 
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increases, however, the series s(饥）accumulates to 1/3, giving rise to a dominant 
contribution near the isolated-sphere characteristic frequency. Moreover, each 
term in the spectral representation expression of b* can be rewritten as 
p{m) & ( m ) 
s = s — s (爪 ) + 1 + i / / / c ( 爪 )， 
where and /c(爪）are the dispersion magnitudes and the characteristic 
frequencies, obtained respectively by replacing F � and s � in the expressions 
of � and 九 � in Eqs.(2.25) and (2.24) with F(爪)and s(爪).Note that the 
first (m = 1) characteristic frequency of a pair is significantly lower than that 
of an isolated particle in the longitudinal field case. Obviously, in this case, 
the real part of longitudinal dipole factor may be expressed as 
oo ( pirn) C (m) \ 
_ = E ;严))2， (2.27) 
m=l - ^L 丄 + U/IcL ) / 
and hence the desired longitudinal DEP force 
= ^ 7 r e 2 D ' R e [ b i m ' . (2.28) 
Similarly, for the transverse DEP, only is notation L instituted by T. As 
a result, the DEP spectrum of two spheres will also consist of a series of 
sub-dispersions. In what follows, we will investigate the effect of multipolar 
interaction on the DEP spectrum of a pair of approaching particles, as shown 
in the next section. 
2.3 Numerical results 
We aim to obtain the effect of the dielectric constants (permittivity and the 
conductivity) of the particles for the Fdep- We plot the real part of the dipole 
factor against the frequency. 
We consider the effect of the conductivity constant (t) on the DEP spectrum 
for isolated particles and touching particles for (a) the longitudinal field case 
and {b) the transverse field case. 
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Figure 2.4: The real part of the (a) longitudinal dipole factor and (b) transverse 
dipole factor plotted versus frequency both for an isolated sphere (lines) and touching 
spheres (symbols) for three different conductivity contrasts t at s = 1.1 and <72 = 
2.8 X 10_4S"m-i. 
From Fig.2.4, it is evident that the multiple images play an important role 
in the DEP spectrum in the low frequency region. That is, in this region, 
the DEP force may be enhanced significantly due to the existence of multiple 
images. However, an opposite result is shown for the transverse field case 
(Fig.2.4(b)) where the DEP force is found to be reduced. In particular, an 
evident sub-dispersion which is located at the low frequency region may appear 
for the longitudinal field case (Fig.2.4(a)). Moreover, for both the longitudinal 
field and transverse field cases, decreasing the conductivity contrast t is able 
to render the dispersions red-shifted, that is, to cause it to occur at a lower 
frequency, together with a lower DEP force within the corresponding frequency 
region. 
More interesting results are found for the crossover frequency. The crossover 
frequency for the longitudinal (transverse) field case (/cp) may be decreased 
(increased) due to the effect of multiple images. In addition, for a smaller t, 
we observe a smaller f ^ or J%. 
The conductivity of the particles mainly effect the properties in low-frequency 
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Figure 2.5: Similar to Fig.2.4 but for three different dielectric contrasts s at t = 
—1/90 and 02 = 2.8 x ICHSVn-1 for an isolated sphere (lines) and touching spheres 
(symbols) • 
region, but for the effect of the parameter permittivity, we investigate dielec-
tric contrast (5) on the DEP spectrum for (a) the longitudinal field case and 
(b) the transverse field case, respectively. It is shown on the Fig.2.5 that s has 
essentially no effect on the DEP force at low frequencies, but a minor effect 
at high frequencies. In addition, unlike the t effect in Fig.2.4, varying the pa-
rameter s is unable to change the location of the dispersions or the crossover 
frequency. 
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Figure 2.6: Similar to Fig.2.4 but for three different medium conductivities oi at 
s = 1.1 and t = -1 /90. 
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The effect of medium conductivity on the DEP spectrum is shown on 
Fig.2.6. Obviously, decreasing g<i may lead to red-shifts both for the dispersions 
and the crossover frequencies. 
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Figure 2.7: Similar to Fig.2.4 but for three different reduced separations R/D at 
s = 1.1, t = - 1 / 90 and (J2 = 2.8 x 
In our work, we consider a pair of touching spherical particles, investigate 
the dependence of the DEP force on the separations between particles, which 
should be important. The dependence of the DEP force on the separations can 
be obtained from Fig.2.7. It is found that the effect of multipolar interactions 
may be small enough to be neglected, especially at large separations (such 
as, R/D > 2.0), as expected. In other words, the multiple images play an 
important role in the case where the particles are close enough. 
In Fig.2.8, we plot the dispersion magnitudes 爪）and as a 
function of the characteristic frequencies ( /(l(爪）and / ct(""))， f o r m = 1 to 100 
with different medium conductivity C72. Here Je(爪）and fj爪)are the m - t h 
dispersion strength and characteristic frequency. As shown in Section 2.2’ an 
infinite number of sub-dispersions exist, but most of them are located close 
to the main dispersion, and accumulate the main dispersion as the order m 
increases, both for the longitudinal field and transverse field cases. This is just 
the reason why only one or two dispersions are visible in Figs.2.4�2.7. From 
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Figure 2.8: The dispersion magnitude versus characteristic frequency (discrete spec-
trum )for two approaching spheres for several reduced separations R/D for the lon-
gitudinal (open symbols) and transverse (filled symbols) cases. The lines are guides 
to the eyes. 
the figure 2.8, it is clear that the difference between the longitudinal field and 
transverse field cases is quite large, especially at small m. However, at large 
m, this difference disappears, as expected. In a word, by using the spectral 
representation theory in Fig.2.8, we may understand our results more clearly. 
2.4 Discussion and Conclusion 
In the above sections, we discussed the DEP spectrum of a pair of touching 
colloidal particles. This approach may be used to discuss the effect of the dis-
persion on the dielectrophoresis (DEP) as well as the electrorotation (ER) [11 . 
Actually, the behavior of electro-orientation [37] may occur in two touching 
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particles, which can also be discussed by using our theory, and we will discuss 
this phenomenon in details in the next chapter. 
The extension of our approach to a high concentration case is straightfor-
ward where we may use an effective medium theory to include the many-body 
(local-field) effect [38]. Similarly, the extension to the intrinsic dispersion is 
also straightforward which may occur because of the inhomogeneous structure 
(e.g., for particles with spatial gradients in their structures [30], or with coat-
ings [39]) inside the colloidal particles [38, 40]. And the two extensions will 
also be discussed in the next chapter after the mutual force between a pair of 
touching particles is introduced. 
In our work, we only consider the DEP spectrum under diversity of the 
composite of parameters, but not refer to the effect of the external electric 
field. In the presence of a strong electric field, the pearl chains of colloidal 
particles possibly occur [5, 40’ 41, 42]. In this case, the multiple images are 
expected to play an important role. Our theory can help as well. 
A more interesting questions is what happens when the colloidal suspen-
sions under consideration acquire charges [43]. Moreover, a polydispersity is a 
common phenomenon and the extension to polydisperse suspensions is worth 
studying. The present theory is applicable. 
Recently, the phenomenon of dielectrophoresis has been applied to water 
droplets in an attempt to make possible a variety of microelectromechanical 
liquid actuation schemes [44]. Our theory is expected to apply in these studies 
as well. 
In addition, conventional theories often neglect the influence of higher-
order moments, such as the quadrupole, and octupole moments. As a matter 
of fact, these higher-order moments are responsible for the levitation force 
achieved by azimuthally periodic electrode structures [45]. The reason is that, 
in such structures, the electric field vanishes along the axis and the induced 
dipole moment must be zero. Our theory can also be extended to these studies. 
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To sum up, we discussed the DEP spectrum of a pair of touching polarizable 
colloidal particles. For two touching particles, and based on the multiple image 
method the multipolar interaction plays an important role in their respective 
dipole moment and the DEP spectrum. Our results may be well understood by 
using the spectral representation theory. Thus, our results will show some clues 
on the correlation effect between the colloidal particles in AC electrokinetic 
phenomena. 
Chapter 3 
Electro-orientation of colloidal 
suspensions 
When closely spaced colloidal particles or biological cells are exposed to an AC 
electric field, they will interact through the agency of their dipole. Depending 
on the relative alignment of the particles, the mutual interaction force can be 
attractive or repulsive. In general, similar particles attract each other when 
aligned parallel to an applied field and repel each other when in perpendicular 
alignment. Such orientation is often frequency dependent. It is first observed 
with various proteins, erythrocyte, and bacteria [46]. Subsequently, a number 
of other papers study the phenomenon [47, 48，49]. It is commonly known 
that elongated particles or cells have parallel orientation at low and high fre-
quency regions, (i.e. with their longest axis parallel to the electric field), but 
perpendicular orientation within sharply defined intermediate frequency bands 
50 . 
The frequency-dependent orientation of particle chains can only be inter-
preted in the context of other electromechanical interactions, that is, the forces 
and torques experienced by particles in suspension. These are numerous man-
ifestations of such interactions, the principal being (1) the net DEP forces on 
the particle chain, (2) the mutual forces that hold the chain together, (3) the 
24 
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orientations of non-spherical particles, and (4) the steady rotations of interact-
ing particles. Even a cursory examination of the literature reveals that these 
different effects rarely occur in isolation. For example, particle chaining and 
mutually induced rotation often occur together in cell suspensions of moderate 
density at certain frequencies. Also, individual non-spherical cells within chain 
structures are observed to exhibit frequency-dependent orientation. 
In this chapter, we investigate the electro-orientation of two homogeneous 
spherical particles forming a chain in a suspension under the action of a lin-
early polarized AC electric field. We perform the multiple image method to 
capture the multipolar interaction (dipole induced dipole (DID) model), and 
then calculate the turnover frequency, which indicates a zero torque of the 
suspended particles and hence characterizes the frequency-dependent orienta-
tional behavior, namely parallel or perpendicular to the electric field. By using 
the integral equation formalism, we calculate the inter-particle force as well. 
Moveover, frequency region of perpendicular orientation generally coincides 
with changes in the DEP spectrum of one particle of a pair, and they typically 
bracket the peak in the electrorotation spectrum. Furthermore, considering 
the local-field effect (many-body DID model), we can get an important correc-
tion for the multipolar interaction, and using the multiple image method, the 
intrinsic dispersion can be shown obviously as well. 
3.1 Turn-over frequency in electro-orientation 
We consider a two-particle chain of touching spherical particles of diameter D 
at a separation R. The chain is suspended in a fluid medium in the presence of 
an AC external electric field Eq of frequency f . The complex dielectric constant 
is ci = ei + ai/{i27Tf) for the particles, similarly, 62 = + cr2/(i27r/) for the 
suspended medium. Here e and a denote the permittivity and conductivity, 
respectively, and i 三 
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Figure 3.1: Representation of the Coulombic force components creating net torque 
on a small dipole of strength p = qd in uniform electric field. 
The torque exerted by an electric field on an infinitesimal dipole may be 
derived by considering the net force couple acting about the center of the small 
dipole as shown in Fig.3.1. There are two contributions to this torque, one 
due to each charge. 
T = ^ X q E + ^ X (-q)E 
=qdxE. (3.1) 
or, in terms of the dipole moment p as previously defined: 
T = p X E. (3.2) 
Note that the torque on the infinitesimal dipole is dependent only on the 
electric field vector, not its gradient, and so an electric torque can be exerted 
on a dipole by a uniform field. The only requirement for the existence of this 
torque is that the dipole moment and the electric field are not parallel. It 
should be evident that, the torque expression, Eq.3.2, is an approximation 
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for any finite dipole if the electric field is nonuniform. Any error incurred 
in its use becomes significant except only when the scale of the electric field 
nonuniformities is comparable to the dimensions of the dipole. 
In general, the chain always aligns in the direction of the electric field 
at high and low frequencies in the presence of an electric field (longitudinal 
case), and they often exhibit perpendicular orientation within an intermediate 
frequency bands (transverse case). This can be defined by the time-averaged 
torque (Fig.3.1) on the chain, which has the form 
< T > = IRE[p X Eo], (3.3) 
jL 
where Re[- •.] represents taking the real part of [•..]• Here p is the effective 
dipole moment of the particle formed the chain. For the chain of particles, 
Jones theoretically studied the similar orientation behavior [3]. In his work, 
frequency-dependent orientational effect is characterized by critical turnover 
frequencies, which takes into account the dipole-dipole interactions [3]. How-
ever, we believe that this may be developed further, especially for a case of 
conducting particles suspended in a dielectric solution. This is because their 
multiple polarization interaction will be strong for close separation between 
particles, and hence it should be further considered [36]. Therefore, in our 
work, the dipole moment p should be replaced by p* which is the effective 
dipole moment of the particle with the multiple image effect under considera-
tion, and it has the form 
p* = 臺 ( K + P T ) = ITTHD'IBLEOL + 略 EOT ) . ( 3 . 4 ) 
with EOL (EOT) being the longitudinal (transverse) component of electric field 
and 
~ { sinha 
~ ( sinho； 八 3 
吟 = 的 felR^)， 
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have been given in chapter one. 
To demonstrate our theory, we want to consider the one point dipole inter-
action between the two touching spherical particles to compare the result of 
Jones' [3]. In doing so, we merely need to set n up to 1 in the equations that 
describe the dipole factor in 
~ ~� „ , sinho； � 3 
~ （ sinho! � 3 
_ = � - �( s i n h ( n + l ) J , 
namely 
_ = H +(測 W l = V V / 4 ) : l w ’ ( ) 
~ ~「 乃、3I rl-{byeA){D/RY 
_ = J l - 身 S + (//8)(Vy， (3.6) 
respectively for the longitudinal field and transverse field cases. Due to H V I 6 < 
1, | 6 | V 6 4 � 1 , and D / R « 1, we can rewrite b l { l ) and 每(1) as 
bl = - I - , (3.7) 
L 1 - 6 / 4 
= (3.8) 
T 1 + 6/8 
We should remark that the two equations above are the same as Jones' [3 
where a field method is performed to include the one point dipole interaction. 
And the comparison between the multipolar interaction and the point dipole 
limit case is also obvious in the Fig.3.2. 
For Fig.3.2, it is plotted for four different values of the conductivity ratio 
between the particles and the suspended medium. It shows the dependence of 
orientation upon the normalized frequency a;ei/ai. It is evident that, when we 
use the multiple image method, we get similar result with Jones' [3], i.e. when 
ai/cr2 <1.0，the regime of perpendicular orientation is defined within a narrow 
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Figure 3.2: Normalized radian frequency u;€i/c7i versus relative permittivity (ei/e2) 
for various conductivity ratios. 
frequency range with t 小 2 � � 1 . 0 . On the other hand, when ai/a2 >1.0, a 
frequency from perpendicular orientation exists when ei/e? < � 1 . 0 . However, 
it is also observed that, in lower frequencies, the value gxIo^ is more larger, 
the normalized frequency by considering the multiple image effect will give less 
values than those by considering the one dipole interaction [3]. In other words, 
for the case cri/a2 <~1.0 that accords with Quincke Rotation [51], the quite 
accurate result can be given by only considering the one dipole interaction. 
But for some actual cases such as cell suspensions, the cytoplasm containing 
much ions is more conductive than the host fluid, i.e. o i jo^ is much larger 
than one, we must consider the multiple image effect because of its quite extent 
influence. 
After the expression of the dipole moment is given, the torque can be 
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obtained: 
< T > = -e2D^Re[bl - 闷 ( E � z ^ x Eor). (3.9) 
8 
In this case, the orientation turnover frequency may be defined as the one 
which makes < T � = 0’ namely 
r, r ^ , ( sinha V r.n ( — a V l l — 
(3.10) 
Consequently, the roots of this equation determine the frequencies at which 
a rigid chain will turn over. The existence of such roots for real frequencies 
is not guaranteed. But if they do exist, they always occurs in pairs. Just as 
with ellipsoidal particles, parallel orientation is always favored at the lowest 
and highest frequency region; if turnovers do exist, the chain first changes 
from parallel to perpendicular orientation and then back to parallel as fre-
quency is increased. Fig.3.2 maps the regions of stable orientation (parallel 
and perpendicular) versus electric field frequency and ei/62 for various values 
of 0\l02' 
3.2 Force between a pair of polarized spheres 
For similar particles, the mutual force between them is such that the chain will 
always form with its line of centers parallel to the electric field. However, if 
this orientation forms at a frequency where the parallel alignment is unstable, 
then the chain will start to turn over. As the chain rotates, an orientation is 
reached at which the mutual force goes to zero. For larger angles, the force 
becomes repulsive. At this point the chain structure might be expected to 
break up. However, the particle interactions also lead to individual rotation of 
each particle which complicate the picture by introducing a dynamic aspect to 
the problem. At the same time, the electric field may be non-uniform, leading 
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to DEP forces that are strongly influenced by the chain orientation. These 
complexities can be stored out by examining the frequency-dependence (or 
spectra) of the DEP forces and the torques, and by comparing them to the 
turnover frequencies for chains. Also, the detailed turnover frequencies can be 
interpreted by investigating the mutual forces between the spherical particles. 
The DEP force on an isolated dielectric particle is proportional to Re[bl\, 
the real part of longitudinal dipole factor, and so a plot of this function ver-
sus frequency is referred to as a DEP spectrum. The real part of bl yields 
information about the frequency-dependence of the force on single particle but 
note that it also gauges the chaining force between particles. The electrorota-
tion (ER) spectrum is defined in an analogous fashion. The rotational torque 
on an isolated particle is proportional to Im[b% and therefore plots of this 
function versus frequency will give information about the relative magnitude 
of the torque. 
When the DEP and ER spectra are combined with the turnover frequencies 
for chains, the interrelationship along these electromechanical phenomena is 
elucidated. Refer to the illustrative composite plots shown in Figs.3.3 (a), (b) 
and (c). In these plots, DEP and ER spectra are indicated by symbols and 
dashed lines, respectively. 
Fig.3.3 plotted the spectra of DEP {Re[bl\) and ER (Im[b*]) versus the 
frequency. It is evident that, in (a) and (6), there is frequency range where 
the dieletrophoresis (DEP) spectrum changes and the rotation spectrum has 
a peak. However, in (c), where positive DEP reigns at all frequencies, while 
the ER spectrum and the orientational turnovers are not coincident. And 
for figure (a) {(Ji/a2 =5) , in the lower frequency there are larger difference 
of turn over frequency getting from the multiple image effect and only one 
dipole interaction, respectively, but in the higher frequency, the two frequencies 
from the two cases are similar to each other. Moreover, from the figure (6) 
{(Ji/a2 =0.5), frequencies from the two cases are all similar in lower and higher 
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Figure 3.3: ER and DEP spectra versus frequency, with turnover frequencies / i 
and h (solid lines are for dipole-dipole interaction case, dashed lines are for multiple 
images case) being marked for various parameters: (a) ei = 16e� ’ €2 = SOe^cri = 
0.0055/m, (72 = 0.001，RID = 1.03; (b) ei = 6eo,乞2 = 3eo, oi = 0.5 x 10" 5/m, 
(72 = 10-8, R j D 二 1.03; (c) €1 = 96eo, = 80eo, ai = 0.0055/m, (J2 = 0.001, 
RID = 1.03, where e �= 8.85 x lO-i^F/m is the permittivity of vacuum. 
frequencies. In other words, what are showed from the figures corresponds 
with that from Fig.3.2. 
The orientations of particle chain can be investigated not only from spectra, 
but also from the mutual forces between particles of chain. The mutual forces 
are given by the energy approach [52 
FL =五* (3.11) 
Ft = E�暮 (3.12) 
for longitudinal and transverse case, respectively. Without loss of generality, 
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we consider the dimensionless forces corresponding normalized forces as 
fL 二 蟲 ’ （3.13) 
紅=Jbl. (3.14) 
In order to show clearly the electro-orientation of a pair of particles, we 
can plot some figures to display the relation between force and frequency for 
diverse dielectric constants. 
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Figure 3.4: Normalized force / l / D versus frequency for various R/D and conduc-
tivity ratios with ei/e2 = 1/5. 
Normalized forces /L and f r are plotted vs the frequency in Figs.3.4�3.5. 
It is evident that, f i is negative in lower and higher frequency regions but 
positive in the mid frequency region. In other words, the two spherical particles 
are attractive in lower and higher frequency regions but repulsive in the mid 
frequency region. For f r , the direction of force is just reverse to that of / [ 
in the corresponding frequency regions. This distribution of the frequency 
region accords with turn over frequency region. Moreover, f i is influenced 
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Figure 3.5: Normalized force /T/D versus frequency for various R/D and conduc-
tivity ratios with ei/e2 = 1/5. 
more considerably with the change of conductivity ratio than /T, though they 
all increase with the increase of conductivity ratio, especially in the lower 
frequency region where h change quite larger with the increase of the ratio. 
And for fi (/T), the characteristic frequency region where a peak appears 
moves to higher frequency region as the conductivity ratio increases. From the 
figures, it can also be observed that the separation between the two spherical 
particles has no effect on the peak location, but does affect the peak value. In 
a word, the multiple image effect does play an important role in the interaction 
of a pair of touching particles. 
3.3 Many-body effects 
When a suspension containing many dielectric particles is subjected to an in-
tense electric field, the induced dipole moments may cause the particles to 
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form chains along the applied field, resulting in complex anisotropic struc-
tures. In this case, what we described above are not all valid, we should also 
consider the many-body (local field) effects. As a many-body DID model [53], 
we may adopt an effective dipole factor in the multiple image formula [52]. 
More precisely, we regard that each polarized particle in an electrorheologi-
clal suspension is embedded in an effective medium with an effective dielectric 
constant e~e. Thus, the usual dipole factor b = (e'l - e~2)/(e~i + 2e~2) in the mul-
tiple image method should be replaced by 6 二 (Si - + 2ee), where Ce 
is the effective dielectric constant of the surrounding medium,-which is conve-
niently calculated in the anisotropic Maxwell-Garnett approximation (MGA) 
54, 55]. As we only consider two approaching spherical particles, the depolar-
ization factor along the axes of the sphere according to the MGA should be 
Lz 二 = = 1/3, then the effective dielectric constants ‘ is given by 
= y i l z A (3.15) 




where p is the volume fraction. Thus use the multiple image method but b 
should be substituted by b', the effect of the volume fraction p for the force 
between the two particles, as well as the spectra of DEP and ER, can be 
obtained. Next are the details. 
Volume fraction p will reduce the peak value, as well as the normalized 
force in the high-frequency region (Fig.3.6). Moreover, it is evident that the 
frequency where the peak lies will shift to the low-frequency region with the 
increase of p. 
Since the particles will form long chains in the concentrated fluid under 
intensive electric field, the dispersion spectrum will also be influenced, From 
the Fig.3.7, p influences the magnitudes of the spectra in high-frequency region 
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Figure 3.6: Normalized forces (a) fiJD and (b) fr/D versus frequency with thre二 
different volume fractions p. ei 二 16eo, 62 = 80eo，(Ji = 0.0055/m, and 02 = 
O-OOl^/m. 
for DEP case but in low-frequency region for ER case. And if we make p not 
vanish, the dispersion step of the DEP spectrum will shift to lower frequencies 
and the ER spectrum peak will decline. 
A few conclusion can be drawn from Figs.3.6�3.7. It can be concluded 
that the correction due to many-body (local field) effects can be very large, 
especially at large volume fractions. Nevertheless, for small volume fraction, 
the correction due to the local field can be neglected. The reduction of the 
magnitude of the effective interaction between two particles can be understood 
in a simple geometry in which the two particles interact in the presence of a 
third particle. An average over all possible positions of the third particle gives 
the desired reduction. By including the many-body (local field) effect, the DID 
model can be used with a higher accuracy. 
3.4 Multipole force due to an intrinsic disper-
sion 
Intrinsic dielectric dispersion often occurs due to the surface conductivity [56, 
57]or the inhomogeneous structure due to the coated shell of the particles [58], 
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which prevails in biological cells or colloidal particles. In this section, we 
consider an composite system in which biological cells or colloidal particles of 
complex dielectric constant ii with spherical shape are dispersed in an isotropic 
host medium with dielectric constant €2 = + o-2/(i27r/) with i 三 and 
f is the frequency of the applied electric field. The dielectric constant of the 
particle is assumed to exhibit an intrinsic dielectric dispersion, namely: 
ei … + (3.17) 
1 + if/fi 側 
where ei (o"i) is the limit high-frequency (low-frequency) permittivity (conduc-
tivity), Aei represents the dielectric dispersion strength with a characteristic 
frequency / i . A pair of approaching spherical particles is considered, there-
fore, we use the multiple image method to get the effective dipole factor, as 
described in the last chapter one. In this section, we will only investigate 
the effect of the intrinsic dispersion in the force between the pair of touching 
particles. 
We plot the force against the frequency of the external electric field under 
some parameters in Fig.3.8. The results show that the peak will decline and 
there is another peak that occurs near intrinsic frequency. 
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We first consider the effect of the Aci (Fig.3.9), with characteristic fre-
quency / i = 107. When Aei = 0，such that, there is no intrinsic dispersion, 
only one dominant peak is predicted as expected. For a finite Aei, there will 
be sub-peaks. With increasing Aei, the dominant peak will continually de-
cline (ascend) for f i (/r)，and eventually it will reverse. That is, the effect 
of intrinsic dispersion will be dominant in the orientation of chains. And it is 
evident, that sub-peak still occurs near the intrinsic characteristic frequency. 
The effect of the characteristic frequency for the interaction force between 
the pair of particles can be obtained from the Fig.3.10. It is clear that the 
sub-peak occurs near to the intrinsic characteristic frequency. 
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Clearly, one common conclusion drawn from the Figs.3.8�3.10 is that in-
creasing Aei yields the increasing of dielectric permittivity in the low-frequency 
region. As previous models (dilute limit) do neglect the intrinsic dispersion ef-
fect resulting from the inhomogeneous structure, the theoretical results in the 
low-frequency region are less than experimental values [59, 60]. We think the 
intrinsic dispersion would be helpful to give the closet fit with experimental 
data by suitable adjustment of both Aei and / i . 
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3.5 Discussion and Conclusion 
In this chapter, we attempted a theoretical study of the electro-orientation of 
two-particle chain in the presence of an AC electric field. When the two par-
ticles approach and finally touch, the mutual polarization interaction between 
the particles leads to a change in the dipole moment of individual particles and 
hence the electro-orientation. In general, similar particles will be attracted to 
each other to form chains parallel with the electric field because the force 九 
is attractive in lower and higher frequency regions. However, within the re-
gion between the two turnover frequencies, the parallel chain orientation will 
be unstable due to rotational perturbations, and it will not be stable until 
the force f i changes from attractive to repulsive, that is, the particles will 
be pushed away from each other and rotation of each particle is able to en-
sue. When the repulsive force f i is large enough, the chain may break down. 
Meanwhile, f r will change from repulsive to attractive, and then the orienta-
tion will be perpendicular to the electric field. And using the many-body DID 
model including the many-body (local field) effect to compute the interparticle 
force, the result shows that the multipolar interactions can indeed be dominant 
over the dipole interaction, while the local-field effect may yield an important 
correction, especially at larger volume fractions. 
Here a few comments are in order. We should remark that the multiple 
image method for two dielectric spheres is only approximate, but the approx-
imation is quite good [2]. More accurate calculations based on bispherical 
coordinates can be attempted. However, we believe that similar conclusions 
would be obtained. In addition, we only consider the homogeneous spheri-
cal particles forming a chain, the force between particles can also be exactly 
calculated in this way as long as the shape effect and the distribution on the 
effective dielectric constant are considered. 
For large volume fraction of the particles, the uniform AC electric field may 
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lead to platelike aggregation of particles in the plane of the applied field. In 
this case, the electro-orientation can be modified further due to the local-field 
effects arising from the many-particle system. Fortunately, a first-principle 
approach can be used to handle the many-particle and multiple interactions 
52]. Also, in this work, by using the many-body DID model, the local field 
effect is taken into account [53 . 
Chapter 4 
Exact solutions for graded 
dielectric spheres in suspensions 
Graded materials are inhomogeneous materials with spatially varying material 
properties. These materials have received considerable attention as one of the 
advanced inhomogeneous materials in various engineering applications since 
first being reported in 1990s [61]. The change in composition induces material 
and microstructural gradients, and makes the graded materials very different in 
behavior from the homogeneous materials and conventional composite materi-
als [61, 62] . These materials can be tailored in their material properties via the 
design of the gradients. For the mechanical properties, the main advantages of 
a graded material profile range from improving bonding strength, toughness, 
to wear and corrosion resistance. Other benefits include the reduced residual 
and thermal barrier coatings of high temperature components in gas turbines, 
the surface hardening for tribological protection and graded interlayers used 
in multilayered microelectronic and optoelectronic components [61, 62, 63 . 
Over the past few years, there have been a number of attempts, both 
theoretical and experimental, to study the responses of grade materials to me-
chanical [64, 65, 66，67, 68], thermal [69, 70, 71] and electric [72, 73] loads for 
various geometries in various systems. Nevertheless, the responses of compos-
ite of graded material inclusion, which is formed when the graded inclusions 
42 
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are suspended randomly in the host medium, should be more useful and in-
teresting. Various different attempts have been made to treat the composite 
materials of homogeneous inclusions [74] as well as multi-shell [75, 76, 77, 78]; 
there exist many approximation methods to study the effective properties of 
composite materials in the literature. However, these established theory for 
homogeneous inclusions cannot be applied. It is thus necessary to develop 
a new theory to study the effective properties of graded composite materi-
als under externally applied fields. In this chapter, we will mainly develop 
a first-principle approach for calculating the dipole moment of the individual 
spherical graded particles and hence the effective dielectric response of a dilute 
suspension. 
4.1 Exact solutions for the dipole factor 
In this section, we will focus on the dielectric response as an example. The 
formalism can equally be applied to analogous systems like the conductivity 
and elastic problems. More precisely, for composite containing the graded 
spherical material inclusion, we want to find its response to an applied electric 
field. The formulism involves two major parts: firstly we will calculate the local 
electric field distribution in a graded spherical inclusion and then the induced 
dipole moment of the inclusion. The two-dimension composite containing the 
graded cylindrical inclusion has been discussed [79]. In this work, we will 
extend the analysis to the more realistic case of three-dimensional composites 
of graded spherical inclusions. We will study two dielectric profiles, namely, 
the power-law and linear profiles for which exact solutions of the local electric 
field and the dipole moment c^ in be obtained. 
We consider a graded spherical inclusion of radius a suspended in a homo-
geneous host medium, and subjected to a uniform electric field E along the 2； 
axis. We will consider a low concentration of suspended inclusions. Thus, the 
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interaction among the inclusions can be neglected and the effective dielectric 
properties of the composite can be obtained from the responses of an individ-
ual inclusion under the presence of an effective electric field E. For dielectric 
response, the constitutive relation of a graded spherical inclusion reads 
Di = ei(r)Ei. (4.1) 
where ei(r) is the dielectric constant of the graded spherical particle. The 
relation for the host medium is 
D ^ = e爪 E 爪 . （4.2) 
where e爪 is the dielectric constant of the host medium. The Maxwell's equa-
tions read 
• . E = 0, (4.3) 
and 
• X E = 0. (4.4) 
To this end, E is the gradient of a scalar function, the scalar potential 少： 
E = - • 少 . (4.5) 
Eq.4.3 and Eq.4.5 can be combined into one partial differential equation, 
Passion Equation: 
V . (e(r)V^) = 0. (4.6) 
For convenience, we will normalize the dielectric profile to the dielectric con-
stant of the host medium e^. Without loss of generality, we may also let 
a = 1. 
In the spherical coordinates, the electric potential $ satisfies 
1 d , ” \d电、、1 d …M、抛、， 1 d H、抛、 
介 ) i ) + ； 添 ( s m 叫 … i ) + 、 动 = 0 -
(4.7) 
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where e(r) = ez(r)/e^, e j r ) is the dielectric constant of the inclusion and e^ 
is the dielectric constant of the host medium. 
We consider the applied electric field along the 2;-axis, thus $ is independent 
of the angle (p. If we write $ = R(r)Q(0), after separation variables, we obtain 
an ordinary differential equation for the radial function R(r), 
d , odR. r^ de(r) dR , _ „ �� 
+ 而 + + (4.8) 
where n is an integer. e(r) is a dimensionless dielectric constant, e ( r ) = 
ei(r)/em in the particle, and e(r) = 1 in the host medium. 
The potential can be obtained from solving Eq.4.8. In the dilute limit, the 
dipole moment of the composite material can be derived. We take the average 
of the operator (D - e爪E) in the whole volume of the composite material, and 
then 
^ l ^ [ B - e m E ] d V = D - e m E , (4.9) 
where V is the volume of the whole composite material. A denotes the average 
of the operator A in the composite material. The integrand vanishes in the 
host medium, and thus Eq.4.9 becomes 
• / [D - emE]dV = D- emE, (4.10) 
^ Jni 
where is the region occupied by the particle. 
Now, We can define the Ohm's law for the composite material: 
D = CeE, (4.11) 
where Cg is the effective dielectric constant of the composite material. Thus 
^ ^ [fe - em)E]dV = (6e — em)E, (4.12) 
Eq.4.12 gives the polarization of the composite material and it can be used to 
calculate the effective dielectric properties of the composite material at a low 
particle concentration. 
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4.1.1 Exact solution for a power-law profile 
The dielectric constant in the particle is power-law function of radius. In this 
case, e(r) = c^r匆,with k > 0, where 0 < r < 1. Then the radial equation 
becomes 
(PR k + 2dR n(n + l)i^_o (4 13) 
dr^ r dr r^ 
This is a homogeneous equation, therefore, it admits a power-law solution, 
R{r) = rs. (4.14) 
Substituting it into Eq.4.13, we can get the eigenfunction 
s2 + s(/c + l ) - n ( n + l ) = 0. (4.15) 
The solution to this eigenfunction is 
si = - [ - ( / c + 1) 士 + 1)2 + 4n(n + 1)1 • (4.16) 
2 L 
The potentials in the inclusion and the host medium are given, respectively, 
by 
OO 
$办，約=Ao + 5]； [AnA^^^ + Pn(cos^), (4.17) 
n=0 
OO 
少m(r’約 二 + + 昨 (4.18) 
n=0 
As r > OO, the potential is given by the far field 
^rn = -Eor cose, (4.19) 
While r ^ > 0, attains a finite value. Thus 
OO 
$“r，0) = ； ^ � r * ) i V c o s 0 ) ， (4.20) 
n = 0 
OO D 
^mir,0) = + (4.21) 
n=0 
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Meanwhile, these potential functions and normal components of the displace-
ment flux vectors must be also continuous across the particle-fluid boundary, 
as follows: 
U = ^m{r,e) U , (4.22) 
一 抛 m M ) (4 23) 
We obtain: 
- E o + Di = Au (4.24) 
- E o - 2Di = CkAislil) (4.25) 
It is not difficult to solve these equations and obtain the coefficients, 
Ai = (4.26) 
sCfc + 2 
= ^ ^ 五。. （4.27) 
sck + 2 
where s = ^ ( 1 ) = Uk + 1) — a/(/c + l)^ + 8 . Thus the potentials are 
given by 
9) = -Eorcos6 ' + ^ c o s 6 ' , (4.28) 
= A i r ' c o se . (4.29) 
The electric field Ei along the z axis in the inclusion can be derived from 
the potential 
Ei, = - Air•卜 1 [(5 - 1) cos2 (9 + 1] . (4.30) 
In the dilute limit condition, the dipole factor can be calculated from the 
following equation: 
4 7 r e 爪五。 = [ - ej五i办,6)] dV, (4.31) 
J^i 
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where a^ = 1, b is the dipole factor, which measures the degree of polarization 
of the graded spherical inclusion, and Qi is the region of the inclusion. After 
performing the integration, we obtain 
= ( ^ + 2) L_1 . (4.32) 
sca： + 2 [/c + s + 2 s + 2j 
When k = 0, e{r) = Cfc is a constant, then 
s = 1, (4.33) 
and 
, ca； - 1 
b 二 W 
= t j - t m (4.34) 
This is just the dipole factor in the homogeneous case. 
4.1.2 Exact solution for a linear profile with a small 
slope 
In this section, we consider e(r) as a linear function of the radius. This is the 
simplest material and it can be made easily. Moreover, other materials can be 
simulated using piecewise linear functions. In the inclusion, 
e(r) = d + cr. (4.35) 
According to the Eq.4.13, the radial function in the inclusion satisfies the 
following equation: 
• + 丄 ) 些 只 = ( ) • (4.36) 
dr'^ \r f + \) df r2 
where r = ( f , and ^ = d/c. We consider the case with a small slope, that is, 
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Then the radial equation (Eq.4.36) becomes 
oo 
Y, CT [(左 + p)(A: + p - l ) + 2(/c + p ) - n(n + 1 ) ] 
k=0 
oo 
+ ^C;;[(k + p)(k + p-l) + 3(k -hp)- n(n + 1)] - 0. (4.38) 
k=0 
The coefficient of the each term should vanish, and the lowest term satisfies: 
p(p - 1) + 2p - n(n + 1)1 CJ = 0. (4.39) 
This equation is the indical equation of the differential equation Eq.4.36. Solv-
ing it, we obtain 
p = n, - ( n + 1). (4.40) 
Similarly, the recurrent relation can also be found from Eq.4.38, 
rn (A; + n)(fe + n + 2 ) - n ( n + l) 
� “ 1 - + + n + • � ” 
This power series solution is absolutely convergent in the region 0 < r < 1. 
Thus, we can use this solution to study the responses of composite materials 
under the presence of an external field, as long as |c?/c| > 1. 
Consider the properties of the potentials at both infinity and original point, 
the potentials are given by 
e) = - E o r c o s 6 > +鸟 cos6>, (4.42) 
rpZi 
OO 
M r , 的 = ( 4 . 4 3 ) 
k=o ^ 
Moreover, from the boundary conditions, we obtain the coefficients Ai and Di： 
A, = - 严 � ’ (4.44) 
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where 
- = E c u r � 
k=0 
V2 = ( 3 . (4.46) 
k=0 
Then the 2； component of the electric field can also be calculated 
00 j^+ i 
Ek = - A , ( 3 A k cos' 0 + 1). (4.47) 
k=0 




When c = 0, the e(r) is a constant, Eq.4.48 reduce to the homogeneous case. 
Thus, when c ^^> 0, the dipole factor is given by 
b 二 巧 
= ( 4 . 5 0 ) 
+ 26m 
This result is the same as that of the homogeneous case. 
4.1.3 Exact solution of dipole factor for coated micropar-
ticles 
For the graded materials, whose dielectric constants are general functions, 
we can use a series of piecewise linear profiles to approximate the dielectric 
constants, that is, we can use a sphere with graded core coated by a series of 
shells with linear profiles to simulate the complex functions of the dielectric 
constants. In this part, we will consider a graded sphere (illustrated in Fig.4.1) 
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with linear core coated by one uniform shell. The radius permittivity of the 
composite sphere is 
f 
d + cr, 0 < r < 1 
[Cc, 1 < r^  < ai 
where e, denotes the permittivity of the shell and \d/c\ > 1, that is, the small 
slope case. 
\ \ + j - graded core 
e ^ p ^ uniform shell 
m^ host medium 
Figure 4.1: Dielectric model with graded core (e^  is linear profile) coated by uniform 
shell (ec) suspends in a host dielectric medium. 
Using the result of section 4.1.2，the potentials for the graded core (少i), 
uniform shell and the host medium (<^爪)can be obtained directly: 
~ /c 
Hr.O) = cos 6-
( Fy\ 
0) = -Gir + - y cos6>; 
V T ) 
9) = (^-Eor + ^jcose. (4.51) 
Using the boundary conditions which are the potential continuity and normal 
component of displacement flux vector continuity to obtain the coefficients in 
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Eqs.4.51, 
Hr,0) = Mr-0)1=1, 
魄 M ) — 純 c M ) 
二 口 1 ’ 
肿 c M ) _ , d^m{r,e) (4.52) 
Solving Eqs.4.52, the unknown coefficients can be obtained: 
Ai = SFqVS, 
Gi = 3EoiJ7, 
Fi = 3EoVe, 
Di = [(1 - + Eo, 
(4.53) 
where 
V6 — V7 
VS = , 
V7 = -ve, 
V5- I 
_ (”5 — l)al 
二 (t;5 + 2)(6e + 2)a? + 2 ( 6 e - l ) ( i ; 5 - l ) ' 
” 5 = (4.54) 
And vi and V2 are the same with Eqs.4.46, that is, 
f v i 厂 V+i 
” 1 = Z^^^Kd) ’ 
k=0 
V2 = ^ C l i k + l ) [ - ) . 
k=0 
Now, the electric fields in the core and the shell can be obtained from 
Eq.4.5: 
OO , , , 
E,, = - A i X ^ g r ) (kcosH^l), (4.55) 
k=0 
Ecz = Gi + § ( 3 c o s 2 0 —1). (4.56) 
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Therefore, the dipole factor for the graded sphere with linear profile core coated 
by uniform shell can be attained from Eq.4.12, 
AnemEobal = [ Mr) - em)EUr,0)]dV 
J?ti 
+ [ [ {ec{r) -em)E. . (r ,e) ]dV. (4.57) 
Jnc 
where 仏 and Qc are the region occupied by graded core and the shell, respec-
tively. Solve the above equation, the dipole factor can be obtained 
b = [{d - 1)1；1 + 0；3] + ^fe - l)(a?). . (4.58) 
Q'l 
where has been given in Eq.4.49, i.e., 
k=0 
When ec 二 1, that is, there is no shell, this model with graded core coated 
by uniform shell will reduce to model with only linear profile, as well as the 
dipole factor: 
石 二 {d - l ) ” i + (4.59) 
{d + c)v2 + 2vi 
Thus, the continuous piecewise linear profiles can be used to simulate the 
arbitrary permittivity of graded material. Although the calculation is complex, 
the solutions can be obtained because the potential in every shell can be rigidly 
solved. 
More interestingly, if we set c = 0，that is the graded core is uniform, 
then the model is reduced to two concentric spherical shells with different 
permittivities, and the dipole factor of such model has been resolved. When 




d 1. V2 
二 一 lim — 
Cc 0 Vi 
= ( 4 . 6 0 ) 
fc 
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and 
_ {d - ^cWi (4 61) 
” 7 二 ， ” 6, (4-62) 
a — €c 
VS = (4.63) 
a — Ec 
Substituting the above equations into Eq.4.58, we can obtain 
fe - 1) {b + 26e)a? + (1 + 2ee){h - Cc) (4 � 
+ 26c)(ec + 2)a? + 2(e, - l ) { d - e^). 
In fact, when c = 0, e^  = 爪，and e^  should be replaced by CcC ,^ Performing 
substitution and simplification, Eq.4.64 becomes 
( c c - em)(ei + 2ee) + (em + 2ee(6i - (4 65) 
—(e, + 2em)(ei + 2ec) + 2{e, - e ^ - e^W . 
where y = {l/aif, which is the volume ratio of the core to the whole coated 
sphere. This dipole is the exact dipole factor for concentric sphere which has 
a unform core coated with another different uniform spherical shell [80 . 
4.2 Comparison between the first-principle ap-
proach and other methods 
The investigation for the dipole factor can be proceeded by several ways. While 
we obtained the exact expression of dipole factor for two models in the last 
section; in this section we will compare the results obtained from different 
methods. 
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4.2.1 Comparison with the differential effective dipole 
approximation 
Differential effective dipole approximation (DEDA) [4], was developed recently 
to treat arbitrary graded profiles. It starts with a differential equation: 
± = L _ [ ( i + 2h)em - (1 一 b)e{r)][{l + 2b)em + 2(1 - b)e{r)]. (4.66) 
dr 3re„ie(r) 
where e^ is the dielectric constant of the host medium, e(r) is the dielectric 
constant of the graded profile, and 0 < r < a, a is the radius of the spherical 
particle, in this problem we may set a = 1 without loss generality. Thus the 
dipole factor of a graded spherical particle can be calculated by solving the 
above differential equation with a given graded profile e(r). The nonlinear 
first-order differential equation can be integrated, at least numerically, if we 
are given the graded profile e(r) and the initial condition b{r = 0). 
1.0 • 1 ‘ 1 1_0 ‘ I ‘ I ‘ ‘ ‘ ‘ 
(a) — c>0.1(DEDA) (b) 
—-二 . . 二 r ; 
：二二 。二二 。。』 
.。.5 - 口一 ^ ^ ,。.5 -
i - 1 二 ？ 
0.0 - - 0.0 -/ / -
/ Y 1 
(^ (coefficient) d(intercept) 
Figure 4.2: The dipole factor b plotted for two model profiles versus (a) Ck for 
various indices k in the power-law profile, and (b) d for various slopes c in the linear 
profile. 
We have evaluated (DEDA) two model graded profiles: (a) power-law profile 
e(r) = Ck—, and (b) linear profile e{r) = d + cr. The numerical integration 
has been done by the fourth-order Runge-Kutta algorithm with a step size 
Sr = 0.01. In Fig.4.2(a), we plot the dipole factor b versus Ck for various indices 
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k � 0 . It is clear that b increases monotonically as the dielectric contrast Ck 
increases, while it decreases with the index k. It is attributed to the fact 
that the average dielectric constant decreases as k increases. Similarly, in 
Fig.4.2(b) we plot b versus d for various slope c. We obtained similar behavior 
as in Fig.4.2(a). 
It is instructive to compare the exact results with the DEDA results. In 
Fig.4.2, we also compared the exact results with the DEDA results for a spher-
ical inclusion with a power-law profile and a linear profile. The agreement is 
excellent. Note that exact results are unavailable for c < d in the linear pro-
file. Thus, we would say the DEDA is a very good approximation for graded 
spherical inclusions. 
4.2.2 Comparison with the variational approach 
Variational method is used to solve some problems which are too complicated 
to solve using ordinary method, such as first-principle method. We consider a 
model that a three-dimension graded spherical particle of radius a with dielec-
tric constants ei(r) suspended in a homogeneous host medium e^, under the 
application of an external uniform field Eo. In such system, it is difficult to get 
the exact dipole factors except some profiles (power-law and small slope linear 
profiles which we had given the exact solutions), but we can use variational 
method to obtain the dipole factor of the graded spherical particle through the 
trial potential functions, at least numerically. 
In the following, we shall consider the problem of an individual graded 
spherical inclusion of volume Qi suspended in a host medium of much larger 
volume V, which is equivalent to neglecting the interactions between differ-
ent spherical inclusions in the dilute limit. Thus the governing equations for 
electric condition V • D = 0, and V x E = 0 lead to the following differential 
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equation, 
V . (6V$) 二 0. (4.67) 
where E = 一•少 and 少 is the potential. For convenience, we will normalize the 
dielectric profile to the dielectric constant of the host medium Without loss 
of generality, we may also let a 二 1. Together with the boundary conditions 
in this problem, we choose the trial potential functions as 
6) = - ( 1 - B y E o cos 6>, r < 1, (4.68) 
6) = ( - r + Br^)Eo cos 9, r � 1 . (4.69) 
where s and B are variational parameters as yet to be determined. The trial 
potential functions satisfy the continuity of the potential at the boundary 
r = 1. And the condition s � 0 should also be satisfied in order that is 
limit in the origin. With these choices, the electric fields in the particle and 
the host medium can be given, and then the functional electrostatic energy of 
the whole system can be given by 
W = j D . E d V (4.70) 
Based on our suppose and considering the linear profile e(r) = €i(r�/em = 
d + cr, after performing the integral, we get functional energy per volume [81], 
切 = - 1 + 252 + (1 _ 5)2(2 + � ( & + + 25. (4.71) 
W >wo, where wq is the electrostatic energy per unit of the system. We can 
minimize the functional energy to find the optimal parameters B and s by 
solving the following equations 
’ = 0 , (4-72) 
dB ‘ 
^ = 0. (4.73) 
ds 
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When c = 0, thus the e(r) = d i s a constant, and the graded material 
induces to the common material. For this case, we can obtain such results 
from variational method: 
s = 1, 
n d 一 1 ^ = 
二 e j - e m (4.74) 
ei + 2em 
These are just the exact results for potentials in common case [74]. Thus, 
the electric field can be obtained by solving the trial potential functions. We 
only consider that the external electric field is along z axis. The dipole factor 
b can be obtained by [79 
b 二 ⑷ — 具 ( 4 . 7 5 ) 
— AiremEoa^ 
After integrating, such result can be obtained, 
b = ^ 
= 巴 厂 芒 爪 . (4.76) 
ei + 2€m 
The result is the same as the classical result in homogeneous case. 
When d = 0, i.e. e(r) = cr, the graded material is a power-law profile with 
the coefficient c and index one. The results for this case are 
5 = ^ 3 - 1 , (4.77) 
命 1. (4.78) 
These are the exact results for potentials in power-law profile model (Eq.4.34). 
Similarly, using Eq.4.75, the dipole factor for the power-law model can be also 
found 
b : (V3 + l ) c - ( V 3 + 2) (4.79) 
(^/3 + l ) c + 2(^/3 + 2) 
Chapter 4 Exact solutions for graded dielectric spheres in suspensions 59 
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"5 J . c=0.1 (variational) 
Q. z z r g ^ c=1.0(variational) 
'；^ / oT c=2.0(variational) 
H " / er oc=0.l (exact) _ 
0 - / / Ac=1.0(exact) 
/ J o • c=2.0(exact) 
-�_5 0 1 2 3 4 5 
cl(intercept) 
Figure 4.3: The dipole factor b plotted versus intercept d for various slopes c in the 
linear profile and plotted two cases for: (a) exact result plotted in symbols and (b) 
variational result plotted in lines. 
It is also the exact dipole factor in the power-law profile case (Eq.4.32). 
For d ^ 0 and c ^ 0, the exact results can not be given from the varia-
tional method, but the numerical results can be admitted, and the agreements 
with both DEDA [4] (Fig.4.4) and exact result (Fig.4.3) are excellent. In the 
previous work, we have gotten the exact result for the linear profile but the 
limit is for small slope, that is, d/c > 1. However, the variational method can 
give numerical results in any case as DEDA. 
4.3 Effective dielectric constant in the cellular 
model 
For electrorheological fluids, at low volume fractions, the separations between 
polarized particles are sufficiently large so that the interactions between them 
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Figure 4.4: The dipole factor b plotted versus intercept d for various slopes c in the 
linear profile and plotted two cases for: (a) DEDA result plotted in symbols and (b) 
variational result plotted in lines. 
are well described by dipole forces. However, when the particles are at a 
high concentration, we should consider the local field effect and the dielectric 
constant for the host medium should be replaced by the effective dielectric 
constant eg. There is a cellular model [80] to simplify such system (Fig.4.5). 
In Ref. [80], it considers a composite spherical particle with a uniform core 
of dielectric constant e^ , coated by a spherical shell of e�suspends in a ho-
mogeneous medium However, we will consider the similar model but the 
uniform core is replaced by graded core, whose dipole factor has been obtained 
from Eq.4.48 in the section 4.1.2. And from Ref. [80], the effective dielectric 
constant is given 
Ce = e爪 + Spcmb, (4.80) 
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Figure 4.5: Cellular model for two component systems. 
where p = {l/aif is the volume fraction of the coated sphere, and b is the 
dipole factor (Eq.4.48) of the linear graded core. Cg can be obtained self-
consistently from Eq.4.80 by substituting e^ into Ce, that is, we should solve 
equation 6 = 0. 
Beside the exact solution for the effective dielectric constant, there is also 
numerical solution from DEDA. And the agreement between the two solutions 
is very excellent (Fig.4.6 and Fig.4.7). 
For the linear core, we plotted the normalized effective dielectric constant 
versus volume fraction p in Fig.4.6 with different initial value d = 2 (m (a) and 
(b)) and d = 3 (in (c) and (d)) for various slopes. It is clear that effective di-
electric constant eg increases monotonically as the volume fraction p increases, 
similar behavior of Cg can be displayed as the slope c increases. However, for 
the power-law core, the effective dielectric constant Ce decreases monotonically 
when the volume fraction p increases, as well as it decreases with the index c 
(Fig.4.7). 
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Figure 4 6. Normalized effective dielectric constant e.jem versus the volume fraction 
p with different slopes c for exact results plotted in solid lines and DEDA results 
plotted in symbols when the core is linear profile, (a) and (b) are for the initial 
value d 二 2; and (c) and (d) are for the initial value d 二 3. 
4.4 Discussion and Conclusion 
In this chapter, we have developed a first-principle approach to compute the 
dipole factor of the individual graded spherical particle and hence the effective 
dielectric response of a dilute suspension. The approach has been applied to 
two model dielectric profiles, for which exact solutions are available. Moreover, 
we used the exact results to validate the results from the differential effective 
dipole approximation, which is valid for graded spherical inclusions of an arbi-
trary dielectric profile. Excellent agreement between the two approaches were 
obtained. Note that exact solutions are not common in composite research 
and if we have one, we will yield much insight. It is thus worth spending time 
on finding one. To this end, it is also instructive to obtain the analytic result 
for the piecewise linear profiles. 
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Figure 4 7. Normalized effective dielectric constant e j^em versus the volume fraction 
p for exact results plotted in solid lines and DEDA results plotted in symbols when 
the core is power-law profile, k is the index. 
It is instructive to extend the present approach to nonlinear graded com-
posites. The introduction of a graded dielectric profile in nonlinear composites 
provides an extra dimension to tune the enhanced nonlinear response. For 
instance, a graded interfacial layer on the spherical inclusions may help to 
control the local field fluctuations, and hence the nonlinear response. The per-
turbation approach [82] as well as the variational approach [81] are suitable 
for this extension. 
Since we have the exact formula for the dipole factor, we can investigate 
the DEP spectra or other dielectric properties of the graded particles in sus-
pensions. We will discuss the DEP spectrum in next chapter. 
Chapter 5 
Dielectrophoresis of graded 
dielectric spheres in suspensions 
Biomaterials such as cells and bones are typical examples of graded dielectric 
materials as their composition vary through the object. Gradations can also be 
used to control and improve the strength and other properties [83]. In biolog-
ical and medical applications, identification and separation of graded particles 
in micron scale (or below) is of great importance. In these situations gradation 
is generic due to inhomogeneous compartments of cells, the cytoplasm often 
contains organelles or vacuoles which dielectric properties are heterogeneous. 
These inhomogeneities are reflected in their dielectric properties. Since differ-
ences and changes in the dielectric properties are intimately related to physical 
and chemical properties of cells (as well as other particles), dielectrophoresis 
(DEP) and other electrokinetic phenomena allow identification of particles and 
detection of compositional changes. 
Based on the exact dipole factor for the graded particles, we focus on the 
DEP spectra both for individual graded spherical particle and for two touching 
graded spherical particles. In this section, we will extend the first-principle ap-
proach to complex dielectric constant, that is, we consider an isolated graded 
spherical particles with complex dielectric constant ci = ei 4- cri/(z27r/) sus-
pended in a host medium with €2 = + a2/(i27r/), and under application 
64 
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of an external electric field. Where e (cr) denotes the real dielectric constant 
(conductivity), f stands for the frequency of the external field, and i 三 v^-
Assume that 
ei = + Bir, and CTI = A2 + Bar, 
with 
舍 〉 l a n � l 
namely, for the graded particle, both conductivity and permittivity are all 
linear profiles with small slopes. 
According to the process for the dipole factor of the graded particles in the 
section 4.1.2, we can get the dipole factor of this case, as follows 
~ = V «27r/ ) V 側 J (5 1) 
- 卜 + 销 + +為 ) ” i . • 
where 
00 
= E 咏 - 1 � fc=0 
00 




e = ^ ( 5 . 3 ) 
> 1 because Ai > Bi and A2 > B2, the power series Vi, V2 and 1^ 3 are 
all convergent. Thus, we can use the dipole factor to study the frequency-
dependent dielectric responses of graded materials. 
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If A2 = B2 = 0, that is, we only consider the effect of the permittivity ( 
high frequency), Eq.5.1 reduces to 
r = (Ai - €2)^1 + (5 4) 
which accords with the result from Eq.4.48. If 81 = 82 = 0，the grade 
particle will reduce to homogeneous particle with the dielectric constant ei = 
Ai + A2/(i27rf), the dipole factor Eq.5.1 will reduce to 
“ 结 ， (5-5) 
ei + 2e2 
which is consistent with the dipole factor in homogeneous case. 
5.1 Dielectric response of an isolated graded 
sphere 
Since we have the dipole factor expressed by complex dielectric constants for 
the grade particles, we are now in a position to perform numerical calculations, 
we set = 75eo, A2 = 2.8 x lO '^Sm-^ £2 = 80eo and (72 = 2.8 x lO-'^Sm'^ 
for all the computations. Parameter e�denotes the permittivity of the vacuum. 
First we investigate the DEP and ER spectra for one isolated graded sphere 
with linear profile. In Fig.5.1, the DEP and ER spectra are investigated for 
the fluctuations in conductivity but uniform in permittivity, that is, B2 / 0 
but Bi = 0. It shows that the dispersion step is always present, as well as the 
rotation peak. Moreover, the dispersion step will move to the higher frequency 
region and the characteristic frequency at which the rotation speed reaches its 
maximum may also move to the high frequency with the increase of the slope 
In Fig.5.2, DEP and ER spectra are investigated for the fluctuations in 
permittivity but uniform in conductivity, that is, Bi / 0 but B2 = 0. From 
the figure, it is evident, that the large spatial fluctuations in the permittivity 
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Figure 5.1: The real part of dipole factor b in (a) and the imaginary part of dipole 
factor b in (b) versus frequency for various slopes of the conductivity B2 with the 
permittivity is uniform. 
may enhance the magnitude of the DEP spectrum and the rotation peak of 
the ER spectrum, these effects occur in the high frequency region. 
• _ , , , 1 0.71 1 1 • I      
1.0 a I 、 
\ O “ ° • PdA 
•0.4^ J~‘~； J ； '"r^ ； 7 
Log,,[FrBquancy(Hz)] Lofl„Frequency(Hz)] 
Figure 5.2: The real part of dipole factor b in (a) and the imaginary part of dipole 
factor b in (b) versus frequency for various slopes of the permittivity Bi with the 
conductivity is uniform. 
From Figs.5.1 and 5.2, we find that the spatial conductivity fluctuations 
are able to make the characteristic frequency and dispersion step move to high 
frequency region in ER spectrum and DEP spectrum, respectively. In contrast, 
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spatial permittivity fluctuations may enhance the peak value of ER spectrum 
and magnitude of DEP spectrum, but their effects on the characteristic fre-
quency or the dispersion step are very small. 
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Figure 5.3: The comparison between exact results (lines) and DEDA results (sym-
bols). The real part of dipole factor b versus frequency for (a) same slopes but not 
same magnitude of the permittivity B2 with Bi = -30eo and (b) different slopes of 
the permittivity Bi with the same conductivity. 
We not only investigate both DEP and ER spectra in first-principle ap-
proach, but also investigate them in DEDA [4]. And the results obtained from 
two methods agree with each other well. The agreement from the two meth-
ods can be shown clearly in Fig.5.3 (for the real part of the dipole factor) and 
Fig.5.4 (for the imaginary part of the dipole factor). Note the exact results 
are unavailable for Ai < Bi and A2 < B2 in the linear profile. Thus we would 
say again the DEDA is a very good approximation for the graded spherical 
particles. 
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Figure 5.4: The comparison between exact results (lines) and DEDA results (sym-
bols). The imaginary part of dipole factor b versus frequency for (a) same slopes but 
not same magnitude of the permittivity B2 with Bi = -30eo and (b) different slopes 
of the permittivity Bi with the same conductivity. 
5.2 Dielectric response of a pair of touching 
graded spheres 
In the following, we will introduce the multiple image method [2] again to 
calculate the effective dipole factor of two touching graded spherical particles 
under the mutual interactions. We consider a pair of interacting graded col-
loidal spherical particles i： dispersed in a homogeneous host medium 62-, and 
subjected to an external electric field. The graded particle have linear profile 
not only for the conductivity but also for the permittivity, that is, the dielectric 
constant of the graded particle is 
“ + 氏 r + 餘 （5.6) 
Thus using the result for the dipole factor in Eq.5.1, and the multiple image 
method (Eq.2.20), we only investigate the longitudinal component of the dipole 
factor because we want to compare the DEP force between the homogeneous 
and the graded particles. 
We first investigate the effect of the fluctuations of the conductivity, that 
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Figure 5.5: The longitudinal part of the dipole factor versus frequency for the same 
slope of the permittivity B\ with various slopes of the conductivity B2 under the 
fixed intercepts Ai = 75eo and A2 = 2.8 x 
is, how the DEP spectra change with the change of conductivity. In Fig.5.5, 
the solid line is plotted for the homogeneous case and dashed lines are plotted 
for the graded case. It is evident, that the fluctuations of the conductivity 
only change the locations of dispersion step but not their shapes, and the 
presented sub-dispersion step are caused by the mutual interaction between 
the two touching particles. 
2J| 1 , , 1 ISt , , 1 1 
(•> (b) 
oooo。 
\ o — B,-B,»0 \ 
\ O B,—10vB,«lv4«IO'' \ — B,-8,N) 
^£ • V o . . \ -----
i : \ I - \ 
0£ • \ O OS • \ 
\ a \ 
o \ 
OJl • M - 、“ , 
O O o O 0 o 
-Oj l ； 1 1 -Oil 1   
4 S • 7 • 4 S • 7 • 
Log„[Frequency(Hz)] Log^ prequencyCHz)] 
Figure 5.6: The longitudinal part of the dipole factor versus frequency for the same 
slope of the conductivity B2 with various slopes of the permittivity Bi under the 
fixed intercepts Ai = 75eo and A2 = 2.8 x 
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For the effect of the fluctuations of permittivity in Fig.5.6, the magnitudes 
of the DEP spectrum had been changed but the dispersion step is intact. 
From Figs.5.5�5.6, we can conclude that the fluctuations of the conduc-
tivity influence the location of dispersion step but not the magnitude of the 
DEP spectrum. In contrast, spatial permittivity may change the magnitude 
of DEP spectrum but not the dispersion step. 
5.3 Discussion and Conclusion 
Here a few comments are in order. In this chapter, we have discussed the 
application of the first-principle approach. We can use this approach to obtain 
the exact solutions of dipole factor with complex parameters. Our approach 
may be applied to biological cells as the interior of biological cells must be 
inhomogeneous in nature and can be treated as a graded material. To this 
end, Preyria et. al. [84] observed a graded cell response when they studied the 
cell-implant integrations experimentally. Thus the complex dielectric function 
can be modelled to vary continuously along the radius of the cells. Suppose 
the graded sphere is linear profile, the exact solutions for the dipole factor can 
also be obtained from solving potential equations. 
We have used the exact dipole factor to discuss the DEP spectrum of graded 
colloidal suspension in an attempt to discuss its dielectric behavior. As a re-
sult, in the DEP spectrum of individual graded particle, we find that changes 
in the conductivity profile can affect dispersion step, whereas changes in the 
permittivity may influence the magnitude of dispersion in high frequency re-
gion. We further investigate the DEP spectrum of a pair of graded particles by 
taking into account the multiple image effect. The shape of the DEP spectrum 
is the same as that in homogeneous suspension, only have the magnitudes been 
changed as well as the dispersion steps translate. Consequently, we may con-
clude that the graded behavior does play an important effect in the dielectric 
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responses of graded suspensions. 
Chapter 6 
Conclusion 
In this thesis, we focus on the DEP spectrum of colloidal particles in suspen-
sions. Under the action of the external electric field, the dielectric particles 
will polarize and experience a net force in the nonuniform electric field. First, 
we investigate the DEP spectrum of two touching homogeneous spherical par-
ticles. By using spectral representation theory [1], we present a theoretical 
study of dielectrophoresis (DEP) spectrum of the two touching particles. And 
the mutual polarization effects are captured by multiple image method [2 • 
As a result, the DEP force may be enhanced (reduced ) significantly for the 
longitudinal (transverse) field case at low frequencies, and there is a red shift 
for the main dispersion step as well as an additional sub-dispersion at low fre-
quency region, these phenomena are all due to the mutual interaction between 
the two touching particles. Moreover, from the analysis of DEP spectrum, we 
may obtain the orientation of chain particles. 
We further investigate the DEP spectrum of graded spherical particles both 
for individual and pair particles. We have developed a first-principle approach 
to compute the dipole moment of individual spherical particles and hence the 
effective dielectric response of a dilute suspension. The approach has been ap-
plied to two dielectric profiles, for which, exact solutions are available. More-
over, we used the exact dipole factor to investigate the DEP spectrum for the 
graded spherical particles in suspensions. After analysis of DEP spectrum of 
73 
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graded particles, we can draw conclusion that the graded behavior does play 
an important effect in the dielectric responses of graded suspensions, as well 
as the graded materials are more useful than the homogeneous materials in 
nature. 
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